
recursion scheme adjunction conjugates para-hylo equation algebra

(hylo-shift law) Id a Id α a α x = a · (idMD x · α C · c) : A← C a : C×D A→ A

mutual recursion ∆ a (×) ccf x1= a1 · (idMD (x1M x2) · c) : A1← C
x2= a2 · (idMD (x1M x2) · c) : A2← C

a1: C×D (A1×A2)→ A1
a2: C×D (A1×A2)→ A2

accumulator −×P a (−)P ccf x = a · (outlM ((D (Λ x) · c)×P)) : A← C×P a : C×D (AP)×P→ A

course-of-values (§5.6) UD a CofreeD ccf x = a · (idMD (D∞ x · c ) · c) : A← C a : C×D (D∞ A)→ A

finite memo-table (§5.6) U∗ a Cofree∗ ccf x = a · (idMD (D∗ x · c ∗) · c) : A← C a : C×D (D∗ A)→ A

Table 1. Different types of para-hylos building on the canonical control functor (ccf); the coalgebra is c : C→D C in each case.

This allows us to frame catalan as an instance of (5.7), where the
coalgebra is simply in◦ : N→ Nat N, and the algebra implements a
convolution. Using the hylo-shift law with Nat◦nelist the algebra
can actually work directly on lists.

catalan ::Nat [N ]→ N
catalan (Zero) = 1
catalan (Succ xs) = sum (zipWith (∗) xs (reverse xs))

Chain matrix multiplication In chain matrix multiplication we
must find the minimum number of scalar operations required to
multiply a chain of matrices A0 . . . An, where each matrix Ak has
dimensions given by ak × ak+1. Multiplying a p× q matrix by
a q× r matrix yields a p× r matrix, costing (we assume) pqr
scalar operations. Matrix multiplication is associative, of course, but
different parenthesisations can lead to different costs.

The recurrence equation that solves this problem works by
considering all the different splits, and minimizing the combined
cost:

chain :: (N,N)→ N
chain (i, j) | i j = 0

| i< j = minimum [ai ∗ak+1 ∗aj+1 +
chain (i,k)+ chain (k+1, j) | k← [i . . j−1]] .

The final answer for this is held in chain (0,n−1), where n is the
number of matrices that are being multiplied.

This is quite unlike previous examples, since the input type is not
immediately inductive. To work around this, we can show that it is
isomorphic to an inductive type. Some bounds checking reveals that
the domain of chain is actually a subset of (N,N), since the function
is only defined when 0 6 i 6 j. Thus, the algebra needs access to
only a triangle of previous values that can be represented as a set
of pairs T = {(i, j) | 0 6 i 6 j}. It is easy to show that there is an
isomorphism tri : N∼= T : tri◦ between the set of triangle pairs and
the natural numbers, and this gives us that (tin,T) is initial, where
tin = tri · in · Nat tri◦. Thus, the coalgebra tin◦ is corecursive, and
with appropriate choice of tri, can be given by:

tin◦ :: T→ Nat T
tin◦ (0,0) = Zero
tin◦ (i, j) | i j = Succ (0, j−1)

| otherwise = Succ (i+1, j) .

Here we record an efficient version of tri◦ that is based on the
formula for triangle numbers, T (n) = ∑

n
i=1 i = n(n+1)/2:

tri◦ :: T→ N
tri◦ (i, j) = j∗ (j+1) ‘div‘ 2+ j− i .

The definition of the algebra chain requires particular attention to
the relative indices: the base case is straightforward, but when i< j

we must calculate the offset carefully.

chain :: (T,Nat (Nat∗ N))→ N
chain ((i, j),Zero) = 0
chain ((i, j),Succ table)
| i j = 0
| i< j = minimum [ai ∗ak+1 ∗aj+1 +u+ v | k← [i . . j−1],

Just u← [extract (i,k)],Just v← [extract (k+1, j)]]
where extract (r,s) = lookup∗ (tri◦ (i, j)− tri◦ (r,s)−1, table)

This definition closely mirrors the specification given by chain,
except that rather than being recalculated, results are now extracted
from the lookup table using lookup∗ :: (N,Nat∗ a) → Maybe a,
which, like its coinductive counterpart, is an accu-hylo. Although
we are certain to have a unique solution, not all proof obligations
are discharged: naturally, the correctness relies on whether the
appropriate elements are indexed in the intermediate table.

The two examples have shown that the arguments provided to the
algebra by para-recursive coalgebras are particularly convenient for
dynamic programming algorithms with tricky indices.

7. Related Work
Recursive coalgebras The study of recursive coalgebras goes
back to the work of Osius [25] on categorical set theory, where he
showed that every well-founded coalgebra of the powerset functor
is recursive. Taylor [27] generalized this result to set functors that
preserve inverse images. Adámek et al. [1] further demonstrated
that for finitary set functors preserving inverse images, recursive
coalgebras are equivalent to both parametrically recursive coalgebras
and to the existence of homomorphisms into the initial algebra.
Completely iterative algebras are dual to parametrically recursive
coalgebras, and were investigated by Milius [24], where we can
glean the dual of some of the technical material in Section 5.
Backhouse and Doornbos [2] worked on reductivity of recursive
relational coalgebras, including applications to hylo equations.

Rolling rule The origins of the rolling rule can be traced back at
least to the work of Freyd [9] on algebraically complete categories,
which was later extended by Backhouse et al. [3] to form the
categorical fixed-point calculus. However, they only considered
algebras and algebra-homomorphisms. Eppendahl [7] analyzed
Freyd’s proof of the Iterated Square Lemma and noticed that an
adjunction-like correspondence formed a core part of the proof. (He
calls the correspondence a pro-adjunction, as hylomorphisms form
a profunctor.) He further generalized (a weak form of) the Square
Lemma to recursive coalgebras.

Conjugate rule An early instance of the conjugate rule can be
found in the work of Bird and Paterson [5]. In order to show that
generalized folds are uniquely defined, they discuss conditions to
ensure that the equation x · L in = Ψ x (or equivalently, x = Ψ x ·
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